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K-means algorithm: Advanced



K-means: centroid initialization method

If you happen to know approximately where the centroids should be
(e.g., if you ran another clustering algorithm earlier), then you can
set the initial hyperparameter containing the list of centroids.

Another solution is to run the algorithm multiple times with different
random initializations and keep the best solution.

But, how exactly does it know which solution is the best? It uses a
performance metric, called intertia, which is the mean squared
distance between each instance and its closest centroid.
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K-means: mini-batch k-means

Instead of using the full dataset at each iteration, the algorithm is
capable of using mini-batches, moving the centroids just slightly at
each iteration. This speeds up the algorithm typically by a factor of
three or four and makes it possible to cluster huge datasets that do
not fit in memory.

Although the mini-batch k-means algorithm is much faster than the
regular k-means algorithm, its inertia is generally slightly worse,
especially as the number of clusters increases.

Figure 9-6. Mini-batch K-Means vs K-Means: worse inertia as k increases (left) but
much faster (right)

Finding the Optimal Number of Clusters
So far, we have set the number of clusters k to 5 because it was obvious by looking at
the data that this is the correct number of clusters. But in general, it will not be so
easy to know how to set k, and the result might be quite bad if you set it to the wrong
value. For example, as you can see in Figure 9-7, setting k to 3 or 8 results in fairly
bad models:

Figure 9-7. Bad choices for the number of clusters

You might be thinking that we could just pick the model with the lowest inertia,
right? Unfortunately, it is not that simple. The inertia for k=3 is 653.2, which is much
higher than for k=5 (which was 211.6), but with k=8, the inertia is just 119.1. The
inertia is not a good performance metric when trying to choose k since it keeps get‐
ting lower as we increase k. Indeed, the more clusters there are, the closer each
instance will be to its closest centroid, and therefore the lower the inertia will be. Let’s
plot the inertia as a function of k (see Figure 9-8):
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K-means: finding the optimal number of clusters

Elbow rule: any lower value would be dramatic, while any higher
value would not help much.

Figure 9-6. Mini-batch K-Means vs K-Means: worse inertia as k increases (left) but
much faster (right)
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So far, we have set the number of clusters k to 5 because it was obvious by looking at
the data that this is the correct number of clusters. But in general, it will not be so
easy to know how to set k, and the result might be quite bad if you set it to the wrong
value. For example, as you can see in Figure 9-7, setting k to 3 or 8 results in fairly
bad models:

Figure 9-7. Bad choices for the number of clusters

You might be thinking that we could just pick the model with the lowest inertia,
right? Unfortunately, it is not that simple. The inertia for k=3 is 653.2, which is much
higher than for k=5 (which was 211.6), but with k=8, the inertia is just 119.1. The
inertia is not a good performance metric when trying to choose k since it keeps get‐
ting lower as we increase k. Indeed, the more clusters there are, the closer each
instance will be to its closest centroid, and therefore the lower the inertia will be. Let’s
plot the inertia as a function of k (see Figure 9-8):
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Figure 9-8. Selecting the number of clusters k using the “elbow rule”

As you can see, the inertia drops very quickly as we increase k up to 4, but then it
decreases much more slowly as we keep increasing k. This curve has roughly the
shape of an arm, and there is an “elbow” at k=4 so if we did not know better, it would
be a good choice: any lower value would be dramatic, while any higher value would
not help much, and we might just be splitting perfectly good clusters in half for no
good reason.

This technique for choosing the best value for the number of clusters is rather coarse.
A more precise approach (but also more computationally expensive) is to use the sil‐
houette score, which is the mean silhouette coefficient over all the instances. An instan‐
ce’s silhouette coefficient is equal to (b – a) / max(a, b) where a is the mean distance
to the other instances in the same cluster (it is the mean intra-cluster distance), and b
is the mean nearest-cluster distance, that is the mean distance to the instances of the
next closest cluster (defined as the one that minimizes b, excluding the instance’s own
cluster). The silhouette coefficient can vary between -1 and +1: a coefficient close to
+1 means that the instance is well inside its own cluster and far from other clusters,
while a coefficient close to 0 means that it is close to a cluster boundary, and finally a
coefficient close to -1 means that the instance may have been assigned to the wrong
cluster. To compute the silhouette score, you can use Scikit-Learn’s silhou

ette_score() function, giving it all the instances in the dataset, and the labels they
were assigned:

>>> from sklearn.metrics import silhouette_score
>>> silhouette_score(X, kmeans.labels_)
0.655517642572828

Let’s compare the silhouette scores for different numbers of clusters (see Figure 9-9):
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K-means: finding the optimal number of clusters

A more precise approach (but also more computationally expensive) is to
use the silhouette score, which is the mean silhouette coefficient over all the
instances.

• An instance’s silhouette coefficient is equal to (b− a)/max(a,b)
• where a is the mean distance to the other instances in the same cluster
(i.e., the mean intra-cluster distance)

• and b is the mean nearest-cluster distance (i.e., the mean distance to
the instances of the next closest cluster, defined as the one that
minimizes b, excluding the instance’s own cluster).

The silhouette coefficient can vary between -1 and +1.

• A coefficient close to +1 means that the instance is well inside its own
cluster and far from other clusters,

• while a coefficient close to 0 means that it is close to a cluster
boundary,

• and finally a coefficient close to -1 means that the instance may have
been assigned to the wrong cluster. 4/27











































































































































































































































































































































































































































































































































































K-means: finding the optimal number of clusters

Figure 9-9. Selecting the number of clusters k using the silhouette score

As you can see, this visualization is much richer than the previous one: in particular,
although it confirms that k=4 is a very good choice, it also underlines the fact that
k=5 is quite good as well, and much better than k=6 or 7. This was not visible when
comparing inertias.

An even more informative visualization is obtained when you plot every instance’s
silhouette coefficient, sorted by the cluster they are assigned to and by the value of the
coefficient. This is called a silhouette diagram (see Figure 9-10):

Figure 9-10. Silouhette analysis: comparing the silhouette diagrams for various values of
k

The vertical dashed lines represent the silhouette score for each number of clusters.
When most of the instances in a cluster have a lower coefficient than this score (i.e., if
many of the instances stop short of the dashed line, ending to the left of it), then the
cluster is rather bad since this means its instances are much too close to other clus‐
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many of the instances stop short of the dashed line, ending to the left of it), then the
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K-means: limitations

• It is necessary to run the algorithm several times to avoid
suboptimal solution

• You need to specify the number of clusters
• K-means does not behave very well when the clusters have
varying sizes, different densities, or nonspherical shapes

ters. We can see that when k=3 and when k=6, we get bad clusters. But when k=4 or
k=5, the clusters look pretty good – most instances extend beyond the dashed line, to
the right and closer to 1.0. When k=4, the cluster at index 1 (the third from the top),
is rather big, while when k=5, all clusters have similar sizes, so even though the over‐
all silhouette score from k=4 is slightly greater than for k=5, it seems like a good idea
to use k=5 to get clusters of similar sizes.

Limits of K-Means
Despite its many merits, most notably being fast and scalable, K-Means is not perfect.
As we saw, it is necessary to run the algorithm several times to avoid sub-optimal sol‐
utions, plus you need to specify the number of clusters, which can be quite a hassle.
Moreover, K-Means does not behave very well when the clusters have varying sizes,
different densities, or non-spherical shapes. For example, Figure 9-11 shows how K-
Means clusters a dataset containing three ellipsoidal clusters of different dimensions,
densities and orientations:

Figure 9-11. K-Means fails to cluster these ellipsoidal blobs properly

As you can see, neither of these solutions are any good. The solution on the left is
better, but it still chops off 25% of the middle cluster and assigns it to the cluster on
the right. The solution on the right is just terrible, even though its inertia is lower. So
depending on the data, different clustering algorithms may perform better. For exam‐
ple, on these types of elliptical clusters, Gaussian mixture models work great.

It is important to scale the input features before you run K-Means,
or else the clusters may be very stretched, and K-Means will per‐
form poorly. Scaling the features does not guarantee that all the
clusters will be nice and spherical, but it generally improves things.

Now let’s look at a few ways we can benefit from clustering. We will use K-Means, but
feel free to experiment with other clustering algorithms.
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Mixtures of Gaussians



MoG: 결론부터

1. Initialize the means µk, covariances Σk and mixing coefficients πk.
2. E-step Evaluate the responsibilities using the current parameter values

γ(znk) =
πkN (xn|µk,Σk)∑K
j=1 πjN (xn|µj,Σj)

(1)

3. M-step Re-estimate the parameters using the current responsibilities

µk =
1

Nk

N∑
n=1

γ(znk)xn (2)

Σk =
1

Nk

N∑
n=1

γ(znk)(xn − µk)(xn − µk)
T (3)

πk =
Nk
N (4)

4. Evaluate the log likelihood

log p(X|µ,Σ,π) =
N∑

n=1

log
{ K∑
k=1

πkN (xn|µk,Σk)

}
(5)

and check for convergence of either the parameters or the log
likelihood. If the convergence criterion is not satisfied, return to step 2. 7/27






























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































MoG: model

Mixture of Gaussian distributions can be written as a linear
superposition of Gaussians.

p(x) =
K∑

k=1

πkN (x|µk,Σk) (6)

Let us introduce K-dimensional binary random variable z having a
1-of-K representation in which a particular element zk is equal to 1
and all other elements are equal to 0. The values of zk therefore
satisfy zk ∈ {0, 1} and

∑
k zk = 1, and we see that there are K possible

states for the vector z according to which element is nonzero.

The marginal distribution over z is specified in terms of the mixing
coefficients πk, such that

p(zk = 1) = πk (7)

where 0 ≤ πk ≤ 1 and
∑K

k=1 πk = 1.
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MoG: 1-of-K representation
9.2. Mixtures of Gaussians 431

Figure 9.4 Graphical representation of a mixture model, in which
the joint distribution is expressed in the form p(x, z) =
p(z)p(x|z).

x

z

where the parameters {πk} must satisfy

0 � πk � 1 (9.8)

together with
K∑

k=1

πk = 1 (9.9)

in order to be valid probabilities. Because z uses a 1-of-K representation, we can
also write this distribution in the form

p(z) =
K∏

k=1

πzk

k . (9.10)

Similarly, the conditional distribution of x given a particular value for z is a Gaussian

p(x|zk = 1) = N (x|μk,Σk)

which can also be written in the form

p(x|z) =
K∏

k=1

N (x|μk,Σk)zk . (9.11)

The joint distribution is given by p(z)p(x|z), and the marginal distribution of x is
then obtained by summing the joint distribution over all possible states of z to giveExercise 9.3

p(x) =
∑
z

p(z)p(x|z) =
K∑

k=1

πkN (x|μk,Σk) (9.12)

where we have made use of (9.10) and (9.11). Thus the marginal distribution of x is
a Gaussian mixture of the form (9.7). If we have several observations x1, . . . ,xN ,
then, because we have represented the marginal distribution in the form p(x) =∑

z p(x, z), it follows that for every observed data point xn there is a corresponding
latent variable zn.

We have therefore found an equivalent formulation of the Gaussian mixture in-
volving an explicit latent variable. It might seem that we have not gained much
by doing so. However, we are now able to work with the joint distribution p(x, z)

Because zk uses a 1-of-K representation, we can also write this
distribution in the form

p(z) =
K∏

k=1

πzkk (8)

Similarly, the conditional distribution of x given a particular value for
z is a Gaussian

p(x|zk = 1) = N (x|µk,Σk) (9)

which can also be written in the form

p(x|z) =
K∏

k=1

N (x|µk,Σk)
zk (10)
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MoG: model

The joint distribtion is given by p(x|z)p(z), and the marginal
distribution of x is then obtained by summing the joint distribution
over all possible states of z to give

p(x) =
∑

z
p(x|z)p(z) =

K∑
k=1

πkN (x|µk,Σk) (11)

Another quantity that will play an important role is the condition
probability of z given x. We shall use γ(zk) to denote p(zk = 1|x),
whose value can be found using Bayes’ theorem

γ(zk) ≡ p(zk = 1|x) = p(x|zk = 1)p(zk = 1)∑K
j=1 p(x|zj = 1)p(zj = 1)

(12)

=
πkN (x|µk,Σk)∑K
j=1 πkN (x|µj,Σj)

(13)
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MoG: model

We shall view πk as the prior probability of zk = 1, and the quantity
γ(zk) as the corresponding posterior probability once we have
observed x. As we shall see later, γ(zk) can also be viewed as the
responsibility that component k takes for ‘explaining’ the
observation x. 9.2. Mixtures of Gaussians 433

(a)

0 0.5 1

0

0.5

1 (b)

0 0.5 1

0

0.5

1 (c)

0 0.5 1

0

0.5

1

Figure 9.5 Example of 500 points drawn from the mixture of 3 Gaussians shown in Figure 2.23. (a) Samples
from the joint distribution p(z)p(x|z) in which the three states of z, corresponding to the three components of the
mixture, are depicted in red, green, and blue, and (b) the corresponding samples from the marginal distribution
p(x), which is obtained by simply ignoring the values of z and just plotting the x values. The data set in (a) is
said to be complete, whereas that in (b) is incomplete. (c) The same samples in which the colours represent the
value of the responsibilities γ(znk) associated with data point xn, obtained by plotting the corresponding point
using proportions of red, blue, and green ink given by γ(znk) for k = 1, 2, 3, respectively

matrix X in which the nth row is given by xT
n . Similarly, the corresponding latent

variables will be denoted by an N × K matrix Z with rows zT
n . If we assume that

the data points are drawn independently from the distribution, then we can express
the Gaussian mixture model for this i.i.d. data set using the graphical representation
shown in Figure 9.6. From (9.7) the log of the likelihood function is given by

ln p(X|π, μ,Σ) =
N∑

n=1

ln

{
K∑

k=1

πkN (xn|μk,Σk)

}
. (9.14)

Before discussing how to maximize this function, it is worth emphasizing that
there is a significant problem associated with the maximum likelihood framework
applied to Gaussian mixture models, due to the presence of singularities. For sim-
plicity, consider a Gaussian mixture whose components have covariance matrices
given by Σk = σ2

kI, where I is the unit matrix, although the conclusions will hold
for general covariance matrices. Suppose that one of the components of the mixture
model, let us say the jth component, has its mean μj exactly equal to one of the data

Figure 9.6 Graphical representation of a Gaussian mixture model
for a set of N i.i.d. data points {xn}, with corresponding
latent points {zn}, where n = 1, . . . , N .

xn

zn

N

μ Σ

π
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MoG: example
9.2. Mixtures of Gaussians 437

(a)−2 0 2

−2

0

2

(b)−2 0 2

−2

0

2

(c)

L = 1

−2 0 2

−2

0

2

(d)

L = 2

−2 0 2

−2

0

2

(e)

L = 5

−2 0 2

−2

0

2

(f)

L = 20

−2 0 2

−2

0

2

Figure 9.8 Illustration of the EM algorithm using the Old Faithful set as used for the illustration of the K-means
algorithm in Figure 9.1. See the text for details.

and the M step, for reasons that will become apparent shortly. In the expectation
step, or E step, we use the current values for the parameters to evaluate the posterior
probabilities, or responsibilities, given by (9.13). We then use these probabilities in
the maximization step, or M step, to re-estimate the means, covariances, and mix-
ing coefficients using the results (9.17), (9.19), and (9.22). Note that in so doing
we first evaluate the new means using (9.17) and then use these new values to find
the covariances using (9.19), in keeping with the corresponding result for a single
Gaussian distribution. We shall show that each update to the parameters resulting
from an E step followed by an M step is guaranteed to increase the log likelihood
function. In practice, the algorithm is deemed to have converged when the changeSection 9.4
in the log likelihood function, or alternatively in the parameters, falls below some
threshold. We illustrate the EM algorithm for a mixture of two Gaussians applied to
the rescaled Old Faithful data set in Figure 9.8. Here a mixture of two Gaussians
is used, with centres initialized using the same values as for the K-means algorithm
in Figure 9.1, and with precision matrices initialized to be proportional to the unit
matrix. Plot (a) shows the data points in green, together with the initial configura-
tion of the mixture model in which the one standard-deviation contours for the two
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MoG: python example

Figure 1: MoG python example: dataset and initialization (top) and the 1st
iteration (bottom). 13/27
























MoG: python example

Figure 2: From the 2nd to 5th iterations.
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MoG: python example

Figure 3: From the 12th to 15th iterations.
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MoG: python example

Figure 4: From the 16th to 19th iterations.
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Mixtures of Gaussians: EM
algorithm






























































































































































































































MoG: maximum likelihood estimate

Maximum likelihood estimation, or MLE, is on flavor of parameter
estimation in machine learning. In order to perform parameter
estimation, we need:

• some data x
• some hypothesized generating function of the data f(x, θ)
• a set of parameters from that function θ

• some evaluation of the goodness of our parameters (an
objective function)

In MLE, the objective function (evaluation) we chose is the likelihood
of the data given our model. To find the best θ then, we need to find
the θ which maximizes our evaluation function (the likelihood).
Therefore, in its general form the MLE is:

θ̂MLE = arg max
θ
p(x|θ) (14)
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MoG: maximum likelihood estimate

Gaussian distribution을따르는 i.i.d. 샘플 x = (x1, x2, ..., xN)로부터
평균 θ = µ를 MLE로추정하면,

L = p(x|θ) =
N∏

n=1

N (xn|µ) (15)

logL =

N∑
n=1

logN (xn|µ) (16)

d
dµ logL = −const ·

N∑
n=1

(xn − µ) (17)

d
dµ logL = 0 ⇐⇒ µ̂ =

1

N

N∑
n=1

xn (18)
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MoG: EM algorithm

An elegant and powerful method for finding maximum likelihood
solutions for models with latent variables is called the
expectation-maximization algorithm, or EM algorithm.

Let us begin by writing down the conditions that must be satisfied at
a maximum of the likelihood function.

logp(X|µ,Σ,π) =

N∑
n=1

log
{ K∑
k=1

πkN (xn|µk,Σk)

}
(19)

Setting the derivatives of log likelihood with respect to the means µk
of the Gaussian components to zero,

0 = −
N∑

n=1

πkN (xn|µk,Σk)∑K
j=1 πjN (xn|µj,Σj)︸ ︷︷ ︸

γ(znk)

Σk(xn − µk) (20)
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MoG: EM algorithm

Multiplying by Σ−1
k and rearranging

0 = −
N∑

n=1

πkN (xn|µk,Σk)∑K
j=1 πjN (xn|µj,Σj)︸ ︷︷ ︸

γ(znk)

Σk(xn − µk) (21)

we obtain

0 =

N∑
n=1

γ(znk)(xn − µk) (22)

µk =
1

Nk

N∑
n=1

γ(znk)xn (23)

Nk =
N∑

n=1

γ(znk) (24)
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MoG: EM algorithm

If we set the derivative of log likelihood with respect to Σk to zero,
and follow a similar line of reasoning, making use of the result for
the maximum likelihood solution for the covariance matrix of a
single Gaussian, we obtain

Σk =
1

Nk

N∑
n=1

γ(znk)(xn − µk)(xn − µk)
T (25)

each data point weighted by the corresponding posterior probability
and with the denominator given by the effective number of points
associated with the corresponding component
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MoG: EM algorithm

Finally, we maximize log likelihood with respect to the mixing
coefficients pik. Here we must take account of the constraint∑

k pik = 1. This can be achieved using a Lagrange multiplier and
maximizing the following quantity

logp(X|π,µ,Σ) + λ

( K∑
k=1

πk − 1

)
(26)

which gives

0 =

N∑
n=1

N (xn|µk,Σk)∑
j πjN (xn|µj,Σj)

+ λ (27)

0 =

K∑
k=1

N∑
n=1

γ(znk) + λ

K∑
k=1

πk (28)

Hence

πk =
Nk
N (29)
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MoG: Lagrange multiplier

The method can be summarized as follows: in order to find the
maximum or minimum of a function f(x) subjected to the equality
constraint g(x) = 0, form the Lagrangian function

L(x, λ) = f(x)− λg(x) (30)

and find the stationary points of L considered as a function of x and
the Lagrange multiplier λ. The solution corresponding to the original
constrained optimization is always a saddle point of the Lagrangian
function, which can be identified among the stationary points from
the definiteness of the bordered Hessian matrix.
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MoG: Lagrange multiplier

Minimize f(x, y) = x+ y subject to the constraint x2 + y2 = 1, i.e.,

g(x, y) = x2 + y2 − 1 = 0 (31)

Hence,

L(x, y, λ) = f(x, y) + λg(x, y) = x+ y+ λ(x2 + y2 − 1) (32)

Gradient

∇x,y,λL(x, y, λ) = (1 + 2λx, 1 + 2λy, x2 + y2 − 1) (33)

and therefore,

∇x,y,λL(x, y, λ) ⇐⇒


1 + 2λx = 0

1 + 2λy = 0

x2 + y2 − 1 = 0

(34)
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MoG: Lagrange multiplier

∇x,y,λL(x, y, λ) ⇐⇒


1 + 2λx = 0

1 + 2λy = 0

x2 + y2 − 1 = 0

(35)

This yields

x = y = − 1

2λ
, λ ̸= 0 (36)

1

4λ2
+

1

4λ2
− 1 = 0 (37)

So,

λ = ± 1√
2

(38)

which implies that the stationary points of L are(√
2

2
,

√
2

2
,−

√
2

2

)
,

(
−
√
2

2
,−

√
2

2
,

√
2

2

)
(39)
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Appendix



Reference and further reading

• “Chap 9” of A. Geron, Hands-On Machine Learning with
Scikit-Learn, Keras & TensorFlow

• “Chap 9” of C. Bishop, Pattern Recognition and Machine Learning
• D. Arthur, S. Vassilvitskii, k-means++: The advantages of careful
seeding (2006)

• Z. Ghahramani, M. J. Beal, Variational Inference for Bayesian
mixtures of Factor Analysers (2000)
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HW #4

Due: 9월 22일화요일, 23시 59분까지
• pdf로업로드하세요.
• 손으로작성한파일을스캔앱 (Adobe scan, Office lens등)을써서 pdf로저장해주세요.
• 컴퓨터로작성 (latex, word, ppt,한글등)한 파일도가능합니다. pdf로저장해주세요.
• 가독성이떨어지는파일도불량처리 합니다.

1. Gaussian distribution N (x;µ, σ)를따르는 N개의 i.i.d. 샘플
x = (x1, x2, ..., xN)에대해 θ = (µ, σ)에대한 MLE를유도과정과
함께구하세요. (20점)
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