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Tentative schedule
week

topic

1
2
3
4
5
6
7
8

Introduction and Basics
Image process I
Image process II
(휴강)
Feature detection and matching I
Feature detection and matching II
Clustering and segmentation I & II
Mid-term exam

9
10
12
13
14
11
15

Robust Fitting and Matching
Boosting and Face Detection
Dimensional Reduction and Face Recognition
Object recognition
Motion and Tracking
Image Classification
Final exam

date
09.01
09.08
09.15
09.22
09.29
10.06
10.13 & 10.16
10.20
10.27
11.03
11.10
11.17
11.24
12.01
12.08
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Graph cut

Segmentation by graph partitioning
Image as a graph

• Node for every pixel
• Edge between every pair of pixels or every pair of “sufficiently
close” pixels
• Each edge is weighted by the affinity or similarity of the two
nodes
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Segmentation by graph partitioning
Break graph into segments / clusters

A

B

C

• Break links that have low affinity
• Similar pixels should be in the same segment
• Dissimilar pixels should be in different segments
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Measuring affinity
Affinity matrix


Wij = exp

−

dist(xi , xj )2
2σ 2
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• dist(xi , xj ): distance between two pixels based on
– Feature
– Pixel location
– Feature + location

• Small σ: group only nearby points
• Large σ: group far-away points
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Eigenvectors for clustering
We want to find a vector x giving the association between each
element and a cluster
• The affinities of data within the same cluster should be high
• The affinities of data between the different clusters should be
low
Summation of affinities
X
max

wij +

i∈C+1 ,j∈C+1

|
⇐⇒ max

XX
i

{z

X
i∈C−1 ,j∈C−1

within clusters

wij xi xj

wij − 2
}

|

X

wij

i∈C+1 ,j∈C−1

{z

between clusters

where xi ∈ {+1, −1}

(2)

}
(3)

j

⇐⇒ max xT Wx

(4)
(5)
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Eigenvectors for clustering
Problem formulation
maximize xT Wx
T

subject to x x = 1

(6)
(7)

• Always favor large xi ’s since all affinities are positives
• Add a constraint: limit the size of x and normalize the objective
function with the same size coefficient vector
Equivalently,
maximize xT Wx subject to xT x = 1
⇐⇒ maximize

T

x Wx
xT x

(8)
(9)

Hence,
xT Wx
= λ ⇐⇒ Wx = λx
xT x
i.e., find the maximum eigenvector!

(10)
(11)
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Example of eigenvector
Example of Eigenvector

Data

Affinity
matrix
The largest eigenvector
27
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Alternative understanding of objective function
Alternative representation

xT Wx
, xi ∈ {0, 1}
(12)
xT x
"
#
X
A ·
T
T
x Wx = assoc(A, A) =
wij , x x = |A| where W =
· B
max

⇐⇒

i∈A,j∈A

(13)
Hence, equivalently graph cut by average assoc.
max

assoc(A, A)
xT Wx
= max
xT x
|A|

⇐⇒

max

assoc(A, A) assoc(B, B)
+
|A|
|B|
(14)
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Minimum cut
Technique to cut a graph optimally: what is optimal?
• Minimize the cost of a cut
• Cost of a cut: sum of weights to cut edges
Minimum graph cut: segmentation by finding the minimum cut in a
graph
X
cut(G1 , G2 ) =
wij
(15)
i∈G1 ,j∈G2
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Minimum cut
Minimum cut algorithm is identical to the problem we solved
X
X
X
max
wij +
wij − 2
wij
i∈C+1 ,j∈C+1

⇐⇒ min

XX
i

i∈C−1 ,j∈C−1



X

wij −

j

wij +

i∈C+1 ,j∈C+1

X

i∈C+1 ,j∈C−1

wij − 2

i∈C−1 ,j∈C−1

(16)


X

wij

i∈C+1 ,j∈C−1

(17)

-(
⇐⇒ min

X

+
wij

-2

)

This is equivalent to min-cut!

(18)

i∈C+1 ,j∈C−1
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Minimum cut

Focus on the following objective function:

XX
X
X
wij −
min
wij +
|

i

j

{z

xT Dx

}

|

i∈C+1 ,j∈C+1

i∈C−1 ,j∈C−1

{z

X

wij − 2

i∈C+1 ,j∈C−1

xT Wx


wij
}
(19)

where D = diag([d1 , d2 , ..., dn ]) and
X
di =
wij : row sum of affinity matrix

(20)
(21)

j

⇐⇒

min xT Dx − xT Wx = min xT (D − W)x

(22)

11/29

Minimum cut
Solution of min-cut problem
• we have the same problem, but the solution is slightly different
min xT (D − W)x

(23)

• convert the discrete problem to continuous domain
minimize xT (D − W)x
⇐⇒ min

subject to xT x = 1

xT (D − W)x
xT x

(24)
(25)

• we need to find the minimum λ to satisfy the following equation
(D − W)x = λx

(26)

• find the second minimum eigenvector, why?
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Minimum cut: alternative understanding of objective function
Alternative representation
min

xT Dx = assoc(A, V) =

xT (D − W)x
,
xT x
X

wij

(28)

i∈A,j∈V

xT Wx = assoc(A, A) =

X

xi ∈ {0, 1}

A
wij (29)

i∈A,j∈A

B

(27)

-

A
B

cut(A, B) = assoc(A, V) − assoc(A, A)
(30)
Hence, equivalently graph cut by average cut.
min

xT (D − W)x
cut(A, B)
cut(A, B) cut(A, B)
= min
⇐⇒ min
+
T
xx
|A|
|A|
|B|
(31)
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Minimum cut: alternative understanding of objective function
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(a)

A
B
sum
A assoc(A, A)
cut(A, B)
assoc(A, V )
B
cut(B, A)
assoc(B, B) assoc(B, V )
sum assoc(A, V ) assoc(B, v)
(b)

Figure 5.19 Sample weighted graph and its normalized cut: (a) a small sample graph and
its smallest normalized cut; (b) tabular form of the associations and cuts for this graph. The
assoc and cut entries are computed as area sums of the associated weight matrix W (Figure 5.20). Normalizing the table entries by the row or column sums produces normalized
associations and cuts N assoc and N cut.

5.4 Normalized cuts
While bottom-up merging techniques aggregate regions into coherent wholes and mean-shift
techniques try to find clusters of similar pixels using mode finding, the normalized cuts
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Average association vs. average cut
Average association
xT Wx
assoc(A, A) assoc(B, B)
⇔ max
+
xT x
|A|
|B|

(32)

xT (D − W)x
cut(A, B) cut(A, B)
⇔ min
+
T
xx
|A|
|B|

(33)

max
Average cut
min
Consider

max xT Wx ⇔ min xT (D − W)x,

xi ∈ {−1, +1}

(34)

xT (D − W)x
xT Wx
< min
,
T
xx
xT x

xi ∈ {−1, +1}

(35)

but, why?
max
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Drawback of minimum cut
Favor for small and isolated clusters
X

cut(G1 , G2 ) =

wij

(36)

i∈G1 ,j∈G2
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Normalized cut

Normalized cut

Drawback of minimum cut method: minimum cut tends to cut off
very small, isolated components
Normalized cut: this can be fixed by normalizing the cut by the
weight of all the edges incident to the segment
cut(G1 , G2 )
cut(G1 , G2 )
+
assoc(G1 , G) assoc(G2 , G)
X
where assoc(G1 , G) =
wij

Ncut(G1 , G2 ) =

(37)
(38)

i∈G1 ,j∈G
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Solving normalized cut
Re-write the objective function
• W: affinity matrix
• D: diagonal matrix with Dii =

P
j

Wij

• y: binary vector representing the cluster association
P
xi ∈ {+1, −1}
x >0 di
and yT D1 = 0
where b = P i
yi ∈ {+1, −b}
xi <0 di
cut(G1 , G2 )
cut(G1 , G2 )
+
assoc(G1 , G) assoc(G2 , G)
yT (D − W)y
=
yT Dy

Ncut(G1 , G2 ) =

(39)

(40)
(41)

This favors partitioning with equal size segments!
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Solving normalized cut
How to find the optimal solution for the objective function
min

yT (D − W)y
yT Dy

(42)

• Finding the exact minimum of the normalized cut cost is NP-complete
• Relax y to take on arbitrary values, then minimize the relaxed cost
yT (D − W)y
= λ ⇐⇒ yT (D − W)y = λyT Dy
yT Dy

(43)

We need to find y minimizing λ in
(D − W)y = λDy

(44)

which is identical to find z in
D−1/2 (D − W)D−1/2 z = λz where z = D1/2 y

(45)
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Solving normalized cut
How to find the optimal solution for the objective function
−1/2

D−1/2 (D − W)D

z = λz where z = D1/2 y

(46)

• The solution is given by the generalized eigenvector
corresponding to the second smallest eigenvalue
−1/2

D−1/2 (D − W)D

1/2

z0 = D

: symmetric & positive semi-definite (47)

1 : corresponding to zero eigenvalue

(48)

Converting the solution in continuous domain for discrete problem
• yi : “soft” indication of the component membership of the i-th
pixel
• Binary classification by simple thresholding: use 0 or median
value
• Note: the solution is not optimal!
20/29

Normalized cut algorithm

Normalized cut algorithm
1. Represent the image as a weight graph G = (V, E), compute the
weight of each edge, and summarize the information in D and W
2. Solve (D − W)y = λDy for the eigenvector with the second
smallest eigenvalue
3. Use the entries of the eigenvector to bipartition the graph
Original normalized cut is a binary clustering method
Extension to more than 2 classes
• Recursively bipartition the graph
• Run k-means clustering on values of several eigenvectors

21/29

Normalized cut
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(a)

(b)

Figure 5.20 Sample weight table and its second smallest eigenvector (Shi and Malik 2000)
c 2000 IEEE: (a) sample 32 × 32 weight matrix W ; (b) eigenvector corresponding to the
second smallest eigenvalue of the generalized eigenvalue problem (D − W )y = λDy.
eigenvector values are associated with the two cut components. This process can be further
repeated to hierarchically subdivide an image, as shown in Figure 5.21.
The original algorithm proposed by Shi and Malik (2000) used spatial position and image
feature differences to compute the pixel-wise affinities,
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Normalized cut
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3.

Fig. 2. A gray level image of a baseball game.

Fortunately, our graph partitioning has the following properties: 1) The graphs are often only locally
connected and the resulting eigensystems are very
sparse, 2) only the top few eigenvectors are needed
for graph partitioning, and 3) the precision requirement for the eigenvectors is low, often only the right
sign bit is required. These special properties of our
problem can be fully exploited by an eigensolver
called the Lanczos method. The running time of a
Lanczos algorithm is O mn  O mM n [11],
where m is the maximum number of matrix-vector
computations required and M n is the cost of a
m a t r i x - v e c t o r c o m p u t a t i o n o f Ax
x, w h e r e
1
1
A  Dÿ2 D ÿ WDÿ2 . Note that the sparsity structure of A is identical to that of the weight matrix W.
Since W is sparse, so is A and the matrix-vector
computation is only O n.
To see why this is the case, we will look at the cost
of the inner product of one row of A with a vector x.
P
Let yi  Ai  x  j Aij xj . For a fixed i, Aij is only
nonzero if node j is in a spatial neighborhood of i.
Hence, there are only a fixed number of operations
required for each Ai  x and the total cost of
computing Ax is O n.
The constant factor is determined by the size of
the spatial neighborhood of a node. It turns out that
we can substantially cut down additional connections from each node to its neighbors by randomly
selecting the connections within the neighborhood
for the weighted graph. Empirically, we have found
that one can remove up to 90 percent of the total
connections with each of the neighborhoods when
the neighborhoods are large without affecting the
eigenvector solution to the system.
Putting everything together, each of the matrixvector computations cost O n operations with a
small constant factor. The number m depends on
many factors [11]. In our experiments on image
segmentation, we observed that m is typically less
1
than O n2 .
Fig. 3 shows the smallest eigenvectors computed
for the generalized eigensystem with the weight

Once the eigenvectors are computed, we can partition the graph into two pieces using the second
smallest eigenvector. In the ideal case, the eigenvector should only take on two discrete values and the
signs of the values can tell us exactly how to
partition the graph. However, our eigenvectors can
take on continuous values and we need to choose a
splitting point to partition it into two parts. There are
many different ways of choosing such a splitting
point. One can take 0 or the median value as the
splitting point or one can search for the splitting
point such that the resulting partition has the best
Ncut A; B value. We take the latter approach in our
work. Currently, the search is done by checking l
evenly spaced possible splitting points, and computing the best Ncut among them. In our experiments,
the values in the eigenvectors are usually well
separated and this method of choosing a splitting
point is very reliable even with a small l.
4. After the graph is broken into two pieces, we can
recursively run our algorithm on the two partitioned
parts. Or, equivalently, we could take advantage of
the special properties of the other top eigenvectors as
explained in the previous section to subdivide the
graph based on those eigenvectors. The recursion
stops once the Ncut value exceeds certain limit.
We also impose a stability criterion on the
partition. As we saw earlier, and as we see in the
eigenvectors with the seventh to ninth smallest
eigenvalues (Fig. 3g-h), sometimes an eigenvector
can take on the shape of a continuous function,
rather that the discrete indicator function that we
seek. From the view of segmentation, such an
eigenvector is attempting to subdivide an image
region where there is no sure way of breaking it. In
fact, if we are forced to partition the image based on
this eigenvector, we will see there are many different
splitting points which have similar Ncut values.
Hence, the partition will be highly uncertain and
unstable. In our current segmentation scheme, we
simply choose to ignore all those eigenvectors which
Fig. 3.
Subplot
(a) plots
the smallest
eigenvectors
the generalized eigenvalue system (11). Subplots (b)-(i) show the eigenvectors corresponding
have
smoothly
varying
eigenvector
values. ofWe
achieve smallest
this by imposing
a stability
criterion
which of the system. The eigenvectors are reshaped to be the size of the image.
the second
to the ninth
smallest
eigenvalues
measures the degree of smoothness in the eigenvector values. The simplest measure is based on first
next few small eigenvectors also contain useful partitioning
computing the histogram of the eigenvector values
1.and Given
a set the
of ratio
features,
a weighted graph information.
then computing
betweenset
the up
minimum
 V; E,values
compute
weight
each edge, and
and Gmaximum
in thethe
bins.
Whenonthe
Instead of finding the partition using recursive 2-way cut
eigenvector
valuesthe
are information
continuously varying,
summarize
into Wthe
and D.
as described above, one can use all of the top eigenvectors
values in the histogram bins will stay relatively the
2.sameSolve
D ÿ Wx
x  Dx
x for eigenvectors with the to simultanously obtain a K-way partition. In this method,
and the ratio will be relatively high. In our
smallestweeigenvalues.
experiments,
find that simple thresholding on the
the n top eigenvectors are used as n dimensional indicator
described
above can be with
used tothe
exclude
3.ratioUse
the eigenvector
second smallest
vectors for each pixel. In the first step, a simple clustering
unstable
eigenvectors.
We have set that
to beby finding the
eigenvalue
to bipartition
thevalue
graph
algorithm, such as the k-means algorithm, is used to obtain
0.06 in all our experiments.
splitting point such that Ncut is minimized.
Fig. 4 shows the final segmentation for the image
an oversegmentation of the image into k0 groups. No
4.shown
Decide
if
the
current
partition
should
be subdivided
in Fig. 2.

by checking the stability of the cut, and make sure

3.2 Recursive Two-Way Ncut
Ncut is below the prespecified value.
In summary, our grouping algorithm consists of the

attempt is made to identify and exclude oscillatory
eigenvectorsÐthey exacerbate the oversegmentation, but
that will be dealt with subsequently.
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Normalized cut
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Fig. 4. (a) shows the original image of size 80  100. Image intensity is normalized to lie within 0 and 1. Subplots (b)-(h) show the components of the
partition with Ncut value less than 0.04. Parameter setting: I  0:1, X  4:0, r  5.

2.

where Ai is the ith subset of whole set V.
This computation can be efficiently carried out by
iteratively updating the compacted weight matrix
Wc , with Wc i; j  assoc Ai ; Aj .
Global recursive cut. From the initial k0 segments, we
can build a condensed graph Gc  Vc ; Ec , where
each segment Ai corresponds to a node Vci of the

.
.
.

F i  I i, the intensity value, for segmenting
brightness images,
F i  v; v  s  sin h; v  s  cos h i, where h; s; v
are the HSV values, for color segmentation,
F i  jII  f1 j; . . . ; jII  fn j i, where the fi are
DOOG filters at various scales and orientations as
used in [16], in the case of texture segmentation.
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Normalized cut

Fig. 5. (a) Point set generated by two Poisson processes, with densities of 2.5 and 1.0 on the left and right clusters respectively, (b) 4 and  indicate
the partition of point set in (a). Parameter settings: X  5, r  3.

Fig. 6. (a) A synthetic image showing a noisy ªstepº image. Intensity varies from 0 to 1, and Gaussian noise with   0:2 is added. Subplot (b) shows
the eigenvector with the second smallest eigenvalue and subplot (c) shows the resulting partition.

Fig. 7. (a) A synthetic image showing three image patches forming a junction. Image intensity varies from 0 to 1 and Gaussian noise with   0:1 is
added. (b)-(d) show the top three components of the partition.

(
wij 

ÿdm i;j2
2
m

e
0

if kX
X i ÿ X jk2 < r
otherwise;

where d i; j is the ªmotion distanceº between two pixels i
and j. Note that X i in this case represents the spatialtemporal position of pixel i.
To compute this ªmotion distance,º we will use a motion

 X
Si dx  exp ÿ
I t Xi  w
w


ÿ I t1 Xi  dx  w2 =2ssd ;

16

where w 2 R2 is within a local neighborhood of image
patch I t Xi . The ªmotion distanceº between two image

25/29

Normalized cut

SHI AND MALIK: NORMALIZED CUTS AND IMAGE SEGMENTATION
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Fig. 11. Subimages (a) and (b) show two frames of an image sequence. Segmentation results on this two frame image sequence are shown in
subimages (c) to (g). Segments in (c) and (d) correspond to the person in the foreground and segments in (e) to (g) correspond to the background.
The reason that the head of the person is segmented away from the body is that, although they have similar motion, their motion profiles are
different. The head region contains 2D textures and the motion profiles are more peaked, while, in the body region, the motion profiles are more
spread out. Segment (e) is broken away from (f) and (g) for the same reason.

typically set to 10 to 20 percent of the total range of the
feature distance function d x. The exponential weighting
function is chosen here for its relative simplicity, as well as
neutrality, since the focus of this paper is on developing a
general segmentation procedure, given a feature similarity
measure. We found this choice of weight function is quite
adequate for typical image and feature spaces. Section 6.1
shows the effect of using different weighting functions and

normalized cut. Chung points out that the eigenvalues of
this ªnormalizedº Laplacian relate well to graph invariants
for general graph in ways that eigenvalues of the standard
Laplacian have failed to do.
Spectral graph theory provides us some guidance on the
goodness of the approximation to the normalized cut
provided by the second eigenvalue of the normalized
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Characteristics of normalized cut

Pros
• Generic framework can be used with many different features
and affinity formulations
Cons
• High storage requirement and time complexity
• Bias towards partitioning into equal segments
• Need the number of clusters as parameter
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Appendix

Reference and further reading

• “Chap 5 | Segmentation” of R. Szeliski, Computer Vision:
Algorithms and Applications
• “Chap 9 | Segmentation by Clustering” of Forsyth and Ponce,
Computer Vision: A Modern Approach
• “Lecture12 | Clustering and Image Segmentation (Part II)” and
“Lecture13 | Clustering and Image Segmentation (Part III)” of
Bohyung Han, CSED441: Introduction to Computer Vision,
POSTECH (2011)
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Reference and further reading

• J. Shi and J. Malik, Normalized cuts and image segmentation,
IEEE Transactions on Pattern Analysis and Machine Intelligence
22(8), 888–905 (2000)

29/29

