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Tentative schedule

week topic date

1 Introduction and Basics 09.01
2 Image Process I 09.08
3 Image Process II 09.15
4 (휴강) 09.22
5 Feature Detection and Matching I 09.29
6 Feature Detection and Matching II 10.06
7 Clustering and Segmentation I & II 10.13 & 10.16
8 Mid-Term Exam 10.20

9 Mid-Term Solution 10.27
10 Dimensional Reduction I 11.03
11 Dimensional Reduction II & Robust Fitting and Matching I 11.10
12 Robust Fitting and Matching II & Object Recognition 11.17
13 Motion and Tracking 11.24
14 Image Classification 12.01
15 Final exam 12.08
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Matrix Factorization for
Dimensional Reduction



Matrix factorization

• Principal component analysis (PCA): orthogonal property
• Vector quantization (VQ): unary property
• Non-negative matrix factorization (NMF): non-negativity

PCA: V ≈ WH where WTW = I
VQ: V ≈ WH where H consists of unary vectors

NMF: V ≈ WH where Wij ≥ 0,Hij ≥ 0
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Matrix factorization and face image compression
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Nonnegative matrix factorization (NMF)

Nonnegative matrix factorization (NMF)

given A ∈ ℜn×m

find (W,H) = arg min
(W,H)

∥A−WH∥2F

s.t. W ∈ ℜn×k
+ and H ∈ ℜk×m

+ (k ≤ rank(A))
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PCA vs. NMF for MNIST dataset
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Robust Fitting and Matching



A ter feature detection

Now, we can detect features from images.

• Features: edge, corner, and other interest points
• Feature descriptors: template, histogram, SIFT, HOG, etc.

What can we do with detected features?

• We may need to model a geometric or semantic notion with the
features in the image.

• Many problems are actually fitting problems to the given model.
• Note: Features can also be used to model the appearance (or
something else) of the object in the image.

We are going to discuss fitting problem in this class!
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Finding vanishing point
254 Computer Vision: Algorithms and Applications (September 3, 2010 draft)

⇒

(a) (b)

Figure 4.44 Cube map representation for line equations and vanishing points: (a) a cube map
surrounding the unit sphere; (b) projecting the half-cube onto three subspaces (Tuytelaars,
Van Gool, and Proesmans 1997) c© 1997 IEEE.

on the cube faces, which is useful if the original (full voting) variant of the Hough transform
is being used. In their work, they represent the line equation as ax + b + y = 0, which
does not treat the x and y axes symmetrically. Note that if we restrict d ≥ 0 by ignoring the
polarity of the edge orientation (gradient sign), we can use a half-cube instead, which can be
represented using only three cube faces, as shown in Figure 4.44b (Tuytelaars, Van Gool, and
Proesmans 1997).

RANSAC-based line detection. Another alternative to the Hough transform is the RAN-
dom SAmple Consensus (RANSAC) algorithm described in more detail in Section 6.1.4. In
brief, RANSAC randomly chooses pairs of edgels to form a line hypothesis and then tests
how many other edgels fall onto this line. (If the edge orientations are accurate enough, a
single edgel can produce this hypothesis.) Lines with sufficiently large numbers of inliers
(matching edgels) are then selected as the desired line segments.

An advantage of RANSAC is that no accumulator array is needed and so the algorithm can
be more space efficient and potentially less prone to the choice of bin size. The disadvantage
is that many more hypotheses may need to be generated and tested than those obtained by
finding peaks in the accumulator array.

In general, there is no clear consensus on which line estimation technique performs best.
It is therefore a good idea to think carefully about the problem at hand and to implement
several approaches (successive approximation, Hough, and RANSAC) to determine the one
that works best for your application.

4.3.3 Vanishing points

In many scenes, structurally important lines have the same vanishing point because they are
parallel in 3D. Examples of such lines are horizontal and vertical building edges, zebra cross-
ings, railway tracks, the edges of furniture such as tables and dressers, and of course, the
ubiquitous calibration pattern (Figure 4.45). Finding the vanishing points common to such

4.3 Lines 255

(a) (b) (c)

Figure 4.45 Real-world vanishing points: (a) architecture (Sinha, Steedly, Szeliski et al.
2008), (b) furniture (Mičušı̀k, Wildenauer, and Košecká 2008) c© 2008 IEEE, and (c) cali-
bration patterns (Zhang 2000).

line sets can help refine their position in the image and, in certain cases, help determine the
intrinsic and extrinsic orientation of the camera (Section 6.3.2).

Over the years, a large number of techniques have been developed for finding vanishing
points, including (Quan and Mohr 1989; Collins and Weiss 1990; Brillaut-O’Mahoney 1991;
McLean and Kotturi 1995; Becker and Bove 1995; Shufelt 1999; Tuytelaars, Van Gool, and
Proesmans 1997; Schaffalitzky and Zisserman 2000; Antone and Teller 2002; Rother 2002;
Košecká and Zhang 2005; Pflugfelder 2008; Tardif 2009)—see some of the more recent pa-
pers for additional references. In this section, we present a simple Hough technique based
on having line pairs vote for potential vanishing point locations, followed by a robust least
squares fitting stage. For alternative approaches, please see some of the more recent papers
listed above.

The first stage in my vanishing point detection algorithm uses a Hough transform to accu-
mulate votes for likely vanishing point candidates. As with line fitting, one possible approach
is to have each line vote for all possible vanishing point directions, either using a cube map
(Tuytelaars, Van Gool, and Proesmans 1997; Antone and Teller 2002) or a Gaussian sphere
(Collins and Weiss 1990), optionally using knowledge about the uncertainty in the vanish-
ing point location to perform a weighted vote (Collins and Weiss 1990; Brillaut-O’Mahoney
1991; Shufelt 1999). My preferred approach is to use pairs of detected line segments to form
candidate vanishing point locations. Let m̂i and m̂j be the (unit norm) line equations for a
pair of line segments and li and lj be their corresponding segment lengths. The location of
the corresponding vanishing point hypothesis can be computed as

vij = m̂i × m̂j (4.28)

and the corresponding weight set to

wij = ‖vij‖lilj . (4.29)
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Rectangle detection
258 Computer Vision: Algorithms and Applications (September 3, 2010 draft)

(a) (b) (c)

(d) (e) (f)

Figure 4.47 Rectangle detection: (a) indoor corridor and (b) building exterior with grouped
facades (Košecká and Zhang 2005) c© 2005 Elsevier; (c) grammar-based recognition (Han
and Zhu 2005) c© 2005 IEEE; (d–f) rectangle matching using a plane sweep algorithm
(Mičušı̀k, Wildenauer, and Košecká 2008) c© 2008 IEEE.

Urban et al. 2004; Nistér and Stewénius 2008). More recent interest point detectors are
discussed by Xiao and Shah (2003); Koethe (2003); Carneiro and Jepson (2005); Kenney,
Zuliani, and Manjunath (2005); Bay, Tuytelaars, and Van Gool (2006); Platel, Balmachnova,
Florack et al. (2006); Rosten and Drummond (2006), as well as techniques based on line
matching (Zoghlami, Faugeras, and Deriche 1997; Bartoli, Coquerelle, and Sturm 2004) and
region detection (Kadir, Zisserman, and Brady 2004; Matas, Chum, Urban et al. 2004; Tuyte-
laars and Van Gool 2004; Corso and Hager 2005).

A variety of local feature descriptors (and matching heuristics) are surveyed and com-
pared by Mikolajczyk and Schmid (2005). More recent publications in this area include
those by van de Weijer and Schmid (2006); Abdel-Hakim and Farag (2006); Winder and
Brown (2007); Hua, Brown, and Winder (2007). Techniques for efficiently matching features
include k-d trees (Beis and Lowe 1999; Lowe 2004; Muja and Lowe 2009), pyramid match-
ing kernels (Grauman and Darrell 2005), metric (vocabulary) trees (Nistér and Stewénius
2006), and a variety of multi-dimensional hashing techniques (Shakhnarovich, Viola, and
Darrell 2003; Torralba, Weiss, and Fergus 2008; Weiss, Torralba, and Fergus 2008; Kulis and
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Camera calibration
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3D model extraction

362 Computer Vision: Algorithms and Applications (September 3, 2010 draft)

(a) (b) (c) (d)

Figure 7.6 3D teacup model reconstructed from a 240-frame video sequence (Tomasi and
Kanade 1992) c© 1992 Springer: (a) first frame of video; (b) last frame of video; (c) side
view of 3D model; (d) top view of 3D model.

common plane seen by all the cameras (Rother and Carlsson 2002). In a calibrated camera
setting, this can correspond to estimating consistent rotations for all of the cameras, for ex-
ample, using matched vanishing points (Antone and Teller 2002). Once these have been
recovered, the camera positions can then be obtained by solving a linear system (Antone and
Teller 2002; Rother and Carlsson 2002; Rother 2003).

7.3.2 Application: Sparse 3D model extraction

Once a multi-view 3D reconstruction of the scene has been estimated, it then becomes possi-
ble to create a texture-mapped 3D model of the object and to look at it from new directions.

The first step is to create a denser 3D model than the sparse point cloud that structure
from motion produces. One alternative is to run dense multi-view stereo (Sections 11.3–
11.6). Alternatively, a simpler technique such as 3D triangulation can be used, as shown in
Figure 7.6, in which 207 reconstructed 3D points are triangulated to produce a surface mesh.

In order to create a more realistic model, a texture map can be extracted for each trian-
gle face. The equations to map points on the surface of a 3D triangle to a 2D image are
straightforward: just pass the local 2D coordinates on the triangle through the 3 × 4 camera
projection matrix to obtain a 3 × 3 homography (planar perspective projection). When mul-
tiple source images are available, as is usually the case in multi-view reconstruction, either
the closest and most fronto-parallel image can be used or multiple images can be blended in
to deal with view-dependent foreshortening (Wang, Kang, Szeliski et al. 2001) or to obtain
super-resolved results (Goldluecke and Cremers 2009) Another alternative is to create a sep-
arate texture map from each reference camera and to blend between them during rendering,
which is known as view-dependent texture mapping (Section 13.1.1) (Debevec, Taylor, and
Malik 1996; Debevec, Yu, and Borshukov 1998).
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Challenges and strategy

Challenges in fitting and matching

• Noises in data
• Outliers
• Missing data

Strategy to robust fitting and matching: hope to handle noises,
outliers and missing data effectively

• Extract features
• Compute putative matches
• Loop

• Hypothesize transformation T
• Verify transformation and/or Search for other matches consistent
with T

11/19



Fitting data with outliers

Effect of outliers

• Ordinary least square methods are very sensitive to noises
• We need to reject the outliers effectively

Handling outliers
• Robust statistics
• RANSAC
• Hough transform
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Least Square Method



Ordinary linear least square

Minimize the squared error for given data
{(x1, y1), (x2, y2), ..., (xn, yn)} that should be on y = θ1x+ θ2

x1 1

x2 1
...

...
xn 1


︸ ︷︷ ︸

X

[
θ1
θ2

]
︸ ︷︷ ︸

θ

=


y1
y2
...
yn


︸ ︷︷ ︸

y

(1)

Objective function

min
θ

∥Xθ − y∥2 (2)

Solution: use pseudo-inverse X† = (XTX)−1XT

θ̂ = arg min
θ

∥Xθ − y∥2 (3)

= (XTX)−1XTy (4)
= X†y (5)
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Ordinary linear least square
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Weighted least square

Each sample may have a different weight

Objective function

min
θ

n∑
i=1

wi(θ1xi + θ2 − yi)2 = min
θ

∥W(Xθ − y)∥2 (6)

where W = diag(
√
w1,

√
w2, ...,

√
wn) (7)

Solution: weighted pseudo-inverse

θ̂ = arg min
θ

∥W(Xθ − y)∥2 (8)

= (XTWTWX)−1XTWTWy (9)

15/19



Limitation of ordinary least square

• Not rotation invariant
• Unable to represent
horizontal and vertical lines

• Sensitive to noises
when the slope is high
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Total least square

Linear regression with perpendicular distance

= for given data {(x1, y1), (x2, y2), ..., (xn, yn)} that should be on
θ1x+ θ2y+ θ3 = 0


x1 y1 1

x2 y2 1
...

...
...

xn yn 1


︸ ︷︷ ︸

X

 θ1
θ2
θ3


︸ ︷︷ ︸

θ

=


0

0
...
0


︸ ︷︷ ︸

y

(10)

Objective function

min
θ

∥Xθ − y∥2 = min
θ

∥Xθ∥2 trivial solution θ = 0 (11)

(12)
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Total least square

For this reason, we augment this minimization problem with the
requirement that ∥θ∥2 = 1 which results in the eigenvalue problem

θ̂ = arg min
θ

θTXTXθ such that ∥θ∥2 = 1 (13)

The value of θ that minimizes this constrained problem is the
eigenvector associated with the smallest eigenvalue of XTX. This is
the same as the last right singular vector of X, since

X = UΣVT (14)
XTX = VΣ2VT (15)

vTkXTXvk = σ2
k (16)

which is minimized by selecting the smallest σk value.
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Appendix



Reference and further reading

• “Chap 8 | Dimensionality Reduction” of A. Geron, Hands-On
Machine Learning with Scikit-Learn, Keras & TensorFlow

• “Chap 4” of C. Bishop, Pattern Recognition and Machine Learning
• Stephen Boyd, “Lecture 15 | Symmetric matrices, quadratic
forms, matrix norm, and SVD” and “Lecture 16 | SVD
Applications” of EE263: Introduction to Linear Dynamical
Systems, Stanford University (2008)

• D. D. Lee and H. S. Seung, Learning the parts of objects by
non-negative matrix factorization, Nature 401, 788-791 (1999)

• “Chap 14.2 | Face Recognition” and “ A.2 Linear least squares” of
R. Szeliski, Computer Vision: Algorithms and Applications

• “Lecture10 | Robust Fitting and Matching” of Bohyung Han,
CSED441: Introduction to Computer Vision, POSTECH (2011)
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