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Tentative schedule

week topic date

1 Introduction and Basics 09.01
2 Image Process I 09.08
3 Image Process II 09.15
4 (휴강) 09.22
5 Feature Detection and Matching I 09.29
6 Feature Detection and Matching II 10.06
7 Clustering and Segmentation I & II 10.13 & 10.16
8 Mid-Term Exam 10.20

9 Mid-Term Solution 10.27
10 Dimensional Reduction I 11.03
11 Dimensional Reduction II & Robust Fitting and Matching I 11.10
12 Robust Fitting and Matching II 11.17
13 Image Classification & Object Recognition 11.24
14 Motion and Tracking 12.01
15 Final exam 12.08

1/71



Overview



Object recognition: verification - is it a taxi?
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Object recognition: detection - are there cars?
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Object recognition: identification - is it a sign of ...?

4/71



Object recognition: object categorization
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Object recognition: scene categorization
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Image classification
Section 16.1 Building Good Image Features 492

FIGURE 16.10: The spatial pyramid kernel is capable of complex image classification tasks.
Here we show some examples of categories from the Caltech 101 collection on which the
method does well (top row) and poorly (bottom row). The number is the percentage
of images of that class classified correctly. Caltech 101 is a set of images of 101 categories
of objects; one must classify test images into this set of categories (Section 16.3.2). This
figure was originally published as Figure 5 of “Beyond bags of features: Spatial pyramid
matching for recognizing natural scene categories,” by S. Lazebnik, C. Schmid, and J.
Ponce, Proc. IEEE CVPR 2006, c© IEEE 2006.

Each grid gives us an estimate of how well the features match, but generally we
would like to place more weight on matches in fine grids and less weight on matches
in coarse grids. We can do this by weighting matches by the inverse of the cell width
at each level; write this weight as wl. We will assume that matches between features
of different types have the same weight, and obtain a total similarity score∑

t∈feature types

∑
l∈levels

∑
i∈grid boxes

wl min(H l
I,t(i), H

l
I,t(i)).

The resulting similarity estimates can be used either to rank image similarity (as
in Figure 16.9), or as a kernel for a kernel-based classifier.

The spatial pyramid kernel does very well at classifying images by scene,
and can outperform histogram intersection kernels on standard image classification
tasks, even on datasets where the background on which objects appear varies very
widely (Lazebnik et al. 2006). It can work well with very rich pools of features.
In the work of Lazebnik et al. (2006), visual words are not constructed at interest
points alone, but on a grid across the whole image; this means that there is a much
richer—and much larger—set of visual words available to represent the image. It is
notable that spatial pyramid kernels seem to represent relatively isolated objects or
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Scene categorization
Section 16.1 Building Good Image Features 486

FIGURE 16.4: Scenes are important, because knowing the type of scene shown in an image
gives us some information about the objects that are present. For example, street’s are
typically at the bottom center of street scenes. These maps show probabilities of object
locations (top row, for each image) extracted from scene information for the image to
the left; brighter values are higher probabilities. Compare these with the true support of
the object (bottom row, for each image); notice that, while knowing the scene doesn’t
guarantee that an object is present, it does suggest where it is likely to be. This could
be used to cue object detection processes. This figure was originally published as Figure
10 of “Context-based vision system for place and object recognition,” by A. Torralba, K.
Murphy, W.T. Freeman, and M.A. Rubin, Proc. IEEE ICCV 2003, c© IEEE 2003.

judgments about pictures, which appear to be based on the overall layout of the
picture (Henderson and Hollingworth 1999).

GIST features attempt to capture this layout. Oliva and Torralba (2001)
constructed these features by reasoning about a set of perceptual dimensions that
might encode the layout of a scene. The dimensions include whether the scene is
natural or man-made; whether there is wide-open space or just a narrow enclosure;
whether it is rugged or not. They then build features that tend to be good at
predicting these dimensions. These features typically result from a spectral analysis
of all or part of the scene. For example, images that show urban canyons have lots
of strong vertical edges, which will mean high energy at high spatial frequencies at
particular (vertical) phases; similarly, ruggedness will translate into strong energy
at high spatial frequencies.

A natural feature will be comparable to the texture representations of Chap-
ter 6, but summarized to represent the whole image. Oliva and Torralba apply
a bank of oriented filters at a range of scales (eight orientations and four scales).
They then average the magnitude of the filter output over a four by four grid of
non-overlapping windows. The result is a 512 (= 4× 4× 8× 4) dimensional vector.
This is then projected onto a set of principal components computed on a large
dataset of natural images. The result is a set of features that (a) give a sense of
the strength of texture activity at various scales and orientations in various blocks
of the image and (b) tend to differ between natural scenes. These features are now
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Hierarchy: scene, object, part and feature
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Machine learning approach

Train ML
algorithm

Analyze 
errors

Study the 
problem

Evaluate
solution

Launch!*Lots* 
of data

y︸︷︷︸
output

= f︸︷︷︸
prediction function

( x︸︷︷︸
image feature

) (1)

• Training: given a training set of labeled example
{(x1, y1), (x2, y2), ..., (xN, yN)}, estimate the prediction function f
by minimizing the prediction error on the training set

• Testing: apply f to a test example x and output the predicted
value y = f(x) 10/71



Machine learning approach

Classifiers

• Nearest neightbor
• Linear discriminant analysis (LDA)
• Neural network, Convolutional Neural Network
• Support vector machine (SVM)
• Boosting
• And many others...
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ImageNet challenge
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Convolutional Neural Network
(CNN)



The architecture of the visual cortex

4 “Neocognitron: A Self-organizing Neural Network Model for a Mechanism of Pattern Recognition Unaffected
by Shift in Position,” K. Fukushima (1980).

5 “Gradient-Based Learning Applied to Document Recognition,” Y. LeCun et al. (1998).

Figure 14-1. Local receptive fields in the visual cortex

These studies of the visual cortex inspired the neocognitron, introduced in 1980,4

which gradually evolved into what we now call convolutional neural networks. An
important milestone was a 1998 paper5 by Yann LeCun, Léon Bottou, Yoshua Bengio,
and Patrick Haffner, which introduced the famous LeNet-5 architecture, widely used
to recognize handwritten check numbers. This architecture has some building blocks
that you already know, such as fully connected layers and sigmoid activation func‐
tions, but it also introduces two new building blocks: convolutional layers and pooling
layers. Let’s look at them now.

Why not simply use a regular deep neural network with fully con‐
nected layers for image recognition tasks? Unfortunately, although
this works fine for small images (e.g., MNIST), it breaks down for
larger images because of the huge number of parameters it
requires. For example, a 100 × 100 image has 10,000 pixels, and if
the first layer has just 1,000 neurons (which already severely
restricts the amount of information transmitted to the next layer),
this means a total of 10 million connections. And that’s just the first
layer. CNNs solve this problem using partially connected layers and
weight sharing.

The Architecture of the Visual Cortex | 433

In particular, they showed that many neurons in the visual cortex have a small local
receptive field, meaning they react only to visual stimuli located in a limited region of
the visual field (see Figure 14-1, in which the local receptive fields of five neurons are
represented by dashed circles). The receptive fields of different neurons may overlap,
and together they tile the whole visual field.
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Convolutional layer

6 A convolution is a mathematical operation that slides one function over another and measures the integral of
their pointwise multiplication. It has deep connections with the Fourier transform and the Laplace transform,
and is heavily used in signal processing. Convolutional layers actually use cross-correlations, which are very
similar to convolutions (see https://homl.info/76 for more details).

Convolutional Layer
The most important building block of a CNN is the convolutional layer:6 neurons in
the first convolutional layer are not connected to every single pixel in the input image
(like they were in previous chapters), but only to pixels in their receptive fields (see
Figure 14-2). In turn, each neuron in the second convolutional layer is connected
only to neurons located within a small rectangle in the first layer. This architecture
allows the network to concentrate on small low-level features in the first hidden layer,
then assemble them into larger higher-level features in the next hidden layer, and so
on. This hierarchical structure is common in real-world images, which is one of the
reasons why CNNs work so well for image recognition.

Figure 14-2. CNN layers with rectangular local receptive fields

Until now, all multilayer neural networks we looked at had layers
composed of a long line of neurons, and we had to flatten input
images to 1D before feeding them to the neural network. Now each
layer is represented in 2D, which makes it easier to match neurons
with their corresponding inputs.

A neuron located in row i, column j of a given layer is connected to the outputs of the
neurons in the previous layer located in rows i to i + fh – 1, columns j to j + fw – 1,
where fh and fw are the height and width of the receptive field (see Figure 14-3). In
order for a layer to have the same height and width as the previous layer, it is com‐

434 | Chapter 14: Deep Computer Vision Using Convolutional Neural Networks

The most important building block of a CNN is the convolutional layer:6 neurons in
the first convolutional layer are not connected to every single pixel in the input image
(like they were in previous chapters), but only to pixels in their receptive fields (see
Figure 14-2). In turn, each neuron in the second convolutional layer is connected only
to neurons located within a small rectangle in the first layer. This architecture allows
the network to concentrate on small low-level features in the first hidden layer, then
assemble them into larger higher-level features in the next hidden layer, and so on. 30/71



Convolutional neural network

• 컨볼루션 신경망 (CNN)은 다층 신경망 (multi-layer neural
networks)의 특별한 형태

• CNN은 시각 피질의 국소 수용역 (Local Receptive Field, LRF)과
시신경 세포의 방향 선택적 성격의 발견에 의해서 신경 생물학적인

영감으로 만들어짐

• 내재적이면서 자동적으로 유의미한 특징 (feature)들을 추출하는

신경망 구조

• CNN 은 이미지로부터 위상학적 성질들을 추출할 수 있는 피드포워드

(feed-forward) 신경망

• 다른 모든 신경망들처럼 CNN 은 변형된 역전파 알고리즘을 사용하여

학습

• CNN 은 최초한의 전처리 만으로도 픽셀 이미지들로부터 시각적

패턴을 직접 인식할 수 있도록 설계

• 극도로 변화가 많은 패턴들도 인식 가능함 (예: 손글씨)
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Convolution

Given a filter kernel H, the convolution of the kernel with image F is
an image R. The (i, j)-th component of R is given by

Rij =
∑
u,v

Hi−u,j−vFuv. (20)

• kernel of the filter: the pattern of weights used for a linear filter
• convolution: the process of applying the filter

This operation is called convolution

R(f) = (h ∗ f) (21)

• commutative: (g ∗ h)(x) = (h ∗ g)(x)
• associative: (f ∗ (g ∗ h)) = ((f ∗ g) ∗ h)
• distributive: f ∗ (g+ h) = f ∗ g+ f ∗ h
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Convolution: connections and padding

mon to add zeros around the inputs, as shown in the diagram. This is called zero pad‐
ding.

Figure 14-3. Connections between layers and zero padding

It is also possible to connect a large input layer to a much smaller layer by spacing out
the receptive fields, as shown in Figure 14-4. The shift from one receptive field to the
next is called the stride. In the diagram, a 5 × 7 input layer (plus zero padding) is con‐
nected to a 3 × 4 layer, using 3 × 3 receptive fields and a stride of 2 (in this example
the stride is the same in both directions, but it does not have to be so). A neuron loca‐
ted in row i, column j in the upper layer is connected to the outputs of the neurons in
the previous layer located in rows i × sh to i × sh + fh – 1, columns j × sw to j × sw + fw –
1, where sh and sw are the vertical and horizontal strides.

Convolutional Layer | 435
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Convolution: stride and dimensional reduction

Figure 14-4. Reducing dimensionality using a stride of 2

Filters
A neuron’s weights can be represented as a small image the size of the receptive field.
For example, Figure 14-5 shows two possible sets of weights, called filters (or convolu‐
tion kernels). The first one is represented as a black square with a vertical white line in
the middle (it is a 7 × 7 matrix full of 0s except for the central column, which is full of
1s); neurons using these weights will ignore everything in their receptive field except
for the central vertical line (since all inputs will get multiplied by 0, except for the
ones located in the central vertical line). The second filter is a black square with a
horizontal white line in the middle. Once again, neurons using these weights will
ignore everything in their receptive field except for the central horizontal line.

Now if all neurons in a layer use the same vertical line filter (and the same bias term),
and you feed the network the input image shown in Figure 14-5 (bottom image), the
layer will output the top-left image. Notice that the vertical white lines get enhanced
while the rest gets blurred. Similarly, the upper-right image is what you get if all neu‐
rons use the same horizontal line filter; notice that the horizontal white lines get
enhanced while the rest is blurred out. Thus, a layer full of neurons using the same
filter outputs a feature map, which highlights the areas in an image that activate the
filter the most. Of course you do not have to define the filters manually: instead, dur‐
ing training the convolutional layer will automatically learn the most useful filters for
its task, and the layers above will learn to combine them into more complex patterns.

436 | Chapter 14: Deep Computer Vision Using Convolutional Neural Networks
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Convolution: example

Figure 14-5. Applying two different filters to get two feature maps

Stacking Multiple Feature Maps
Up to now, for simplicity, I have represented the output of each convolutional layer as
a thin 2D layer, but in reality a convolutional layer has multiple filters (you decide
how many), and it outputs one feature map per filter, so it is more accurately repre‐
sented in 3D (see Figure 14-6). To do so, it has one neuron per pixel in each feature
map, and all neurons within a given feature map share the same parameters (i.e., the
same weights and bias term). However, neurons in different feature maps use differ‐
ent parameters. A neuron’s receptive field is the same as described earlier, but it
extends across all the previous layers’ feature maps. In short, a convolutional layer
simultaneously applies multiple trainable filters to its inputs, making it capable of
detecting multiple features anywhere in its inputs.

The fact that all neurons in a feature map share the same parame‐
ters dramatically reduces the number of parameters in the model.
Moreover, once the CNN has learned to recognize a pattern in one
location, it can recognize it in any other location. In contrast, once
a regular DNN has learned to recognize a pattern in one location, it
can recognize it only in that particular location.

Moreover, input images are also composed of multiple sublayers: one per color chan‐
nel. There are typically three: red, green, and blue (RGB). Grayscale images have just

Convolutional Layer | 437
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Convolution: filter effect

Feature extraction by different kernels

Feature maps

Input image

Kernels (filters, weights)

• 컨볼루션은 입력 이미지의 다른 부분들에 존재하는 동일한 특징들을 찾아냄

• Feature map에 있는 뉴런은 template or kernel과 일치되는 경우에 활성화
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CNN: convolution layers with multiple feature maps
one channel, but some images may have much more—for example, satellite images
that capture extra light frequencies (such as infrared).

Figure 14-6. Convolution layers with multiple feature maps, and images with three color
channels

Specifically, a neuron located in row i, column j of the feature map k in a given convo‐
lutional layer l is connected to the outputs of the neurons in the previous layer l – 1,
located in rows i × sh to i × sh + fh – 1 and columns j × sw to j × sw + fw – 1, across all
feature maps (in layer l – 1). Note that all neurons located in the same row i and col‐
umn j but in different feature maps are connected to the outputs of the exact same
neurons in the previous layer.

Equation 14-1 summarizes the preceding explanations in one big mathematical equa‐
tion: it shows how to compute the output of a given neuron in a convolutional layer.

438 | Chapter 14: Deep Computer Vision Using Convolutional Neural Networks
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CNN: hierarchical learning of features
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CNN: hierarchical learning of features
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CNN: dimensional reduction by pooling layer

9 Other kernels we discussed so far had weights, but pooling kernels do not: they are just stateless sliding win‐
dows.

we use a 2 × 2 _pooling kernel_9, with a stride of 2, and no padding. Only the max
input value in each receptive field makes it to the next layer, while the other inputs
are dropped. For example, in the lower left receptive field in Figure 14-8, the input
values are 1, 5, 3, 2, so only the max value, 5, is propagated to the next layer. Because
of the stride of 2, the output image has half the height and half the width of the input
image (rounded down since we use no padding).

Figure 14-8. Max pooling layer (2 × 2 pooling kernel, stride 2, no padding)

A pooling layer typically works on every input channel independ‐
ently, so the output depth is the same as the input depth.

Other than reducing computations, memory usage and the number of parameters, a
max pooling layer also introduces some level of invariance to small translations, as
shown in Figure 14-9. Here we assume that the bright pixels have a lower value than
dark pixels, and we consider 3 images (A, B, C) going through a max pooling layer
with a 2 × 2 kernel and stride 2. Images B and C are the same as image A, but shifted
by one and two pixels to the right. As you can see, the outputs of the max pooling
layer for images A and B are identical. This is what translation invariance means.
However, for image C, the output is different: it is shifted by one pixel to the right
(but there is still 75% invariance). By inserting a max pooling layer every few layers in
a CNN, it is possible to get some level of translation invariance at a larger scale.
Moreover, max pooling also offers a small amount of rotational invariance and a
slight scale invariance. Such invariance (even if it is limited) can be useful in cases
where the prediction should not depend on these details, such as in classification
tasks.

Pooling Layer | 443

fully connected layers (+ReLUs), and the final layer outputs the prediction (e.g., a
softmax layer that outputs estimated class probabilities).

Figure 14-11. Typical CNN architecture

A common mistake is to use convolution kernels that are too large.
For example, instead of using a convolutional layer with a 5 × 5
kernel, it is generally preferable to stack two layers with 3 × 3 ker‐
nels: it will use less parameters and require less computations, and
it will usually perform better. One exception to this recommenda‐
tion is for the first convolutional layer: it can typically have a large
kernel (e.g., 5 × 5), usually with stride of 2 or more: this will reduce
the spatial dimension of the image without losing too much infor‐
mation, and since the input image only has 3 channels in general, it
will not be too costly.

Here is how you can implement a simple CNN to tackle the fashion MNIST dataset
(introduced in Chapter 10):

from functools import partial

DefaultConv2D = partial(keras.layers.Conv2D,
                        kernel_size=3, activation='relu', padding="SAME")

model = keras.models.Sequential([
    DefaultConv2D(filters=64, kernel_size=7, input_shape=[28, 28, 1]),
    keras.layers.MaxPooling2D(pool_size=2),
    DefaultConv2D(filters=128),
    DefaultConv2D(filters=128),
    keras.layers.MaxPooling2D(pool_size=2),
    DefaultConv2D(filters=256),
    DefaultConv2D(filters=256),
    keras.layers.MaxPooling2D(pool_size=2),
    keras.layers.Flatten(),
    keras.layers.Dense(units=128, activation='relu'),
    keras.layers.Dropout(0.5),
    keras.layers.Dense(units=64, activation='relu'),
    keras.layers.Dropout(0.5),
    keras.layers.Dense(units=10, activation='softmax'),
])

CNN Architectures | 447
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Support Vector Machine (SVM):
Maximum Margin Classifier



What is a good decision boundary?

■ 데이터 노이즈에 대한강건성 (Robustness)

 노이즈(측정오차)에대해서강건한것이좋은모델이다.

■ 여유로운 것이 더강건하다 ⟹ 넓은통로가 좋다 ⟹ Large Margin Classification
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What is a good decision boundary?

의사 결정은 경계의 데이터 (support vectors)에 의해서 결정됨widest possible street (represented by the parallel dashed lines) between the classes.
This is called large margin classification.

Figure 5-1. Large margin classification

Notice that adding more training instances “off the street” will not affect the decision
boundary at all: it is fully determined (or “supported”) by the instances located on the
edge of the street. These instances are called the support vectors (they are circled in
Figure 5-1).

SVMs are sensitive to the feature scales, as you can see in
Figure 5-2: on the left plot, the vertical scale is much larger than the
horizontal scale, so the widest possible street is close to horizontal.
After feature scaling (e.g., using Scikit-Learn’s StandardScaler), 
the decision boundary looks much better (on the right plot).

Figure 5-2. Sensitivity to feature scales

Soft Margin Classification
If we strictly impose that all instances be off the street and on the right side, this is
called hard margin classification. There are two main issues with hard margin classifi‐
cation. First, it only works if the data is linearly separable, and second it is quite sensi‐
tive to outliers. Figure 5-3 shows the iris dataset with just one additional outlier: on
the left, it is impossible to find a hard margin, and on the right the decision boundary
ends up very different from the one we saw in Figure 5-1 without the outlier, and it
will probably not generalize as well.

156 | Chapter 5: Support Vector Machines

Input feature의 scale에 민감한 support vector machine
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156 | Chapter 5: Support Vector Machines
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Hard margin vs. so t margin

Hard margin classification (hard-SVM)

• 모든 데이터들이 margin 밖에 위치하도록 boundary를 설정

• 데이터가 선형적으로 분리 가능 (linearly separable)할 때만 적용 가능

• outlier에 매우 민감

So t margin classification (so t-SVM)

• margin을 가능한 넓게 하면서도 margin 안쪽으로 들어오는 것을 허용

• hyperparameter C: 클수록 좁아짐 (엄격), 작을 수록 넓어짐 (위반 허용)
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Hard margin vs. so t margin

Figure 5-3. Hard margin sensitivity to outliers

To avoid these issues it is preferable to use a more flexible model. The objective is to
find a good balance between keeping the street as large as possible and limiting the
margin violations (i.e., instances that end up in the middle of the street or even on the
wrong side). This is called soft margin classification.

In Scikit-Learn’s SVM classes, you can control this balance using the C hyperparame‐
ter: a smaller C value leads to a wider street but more margin violations. Figure 5-4
shows the decision boundaries and margins of two soft margin SVM classifiers on a
nonlinearly separable dataset. On the left, using a low C value the margin is quite
large, but many instances end up on the street. On the right, using a high C value the
classifier makes fewer margin violations but ends up with a smaller margin. However,
it seems likely that the first classifier will generalize better: in fact even on this train‐
ing set it makes fewer prediction errors, since most of the margin violations are
actually on the correct side of the decision boundary.

Figure 5-4. Large margin (left) versus fewer margin violations (right)

If your SVM model is overfitting, you can try regularizing it by
reducing C.

The following Scikit-Learn code loads the iris dataset, scales the features, and then
trains a linear SVM model (using the LinearSVC class with C = 1 and the hinge loss
function, described shortly) to detect Iris-Virginica flowers. The resulting model is
represented on the left of Figure 5-4.

Linear SVM Classification | 157
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A brief history of SVM

• SVM은 1992년 Boser, Guyon and Vapnik에 의해서 소개됨

• Statistical Learning Theory에 이론적 바탕을 둔 알고리즘 (Vapnik
Chervonenkis)

• 손글씨 숫자 인식에서 뛰어난 성능을 보이면서 널리 쓰이게 됨

• SVM으로 1.1% Test error rate ≈ 신중히 설계된 신경망 (e.g., LeNet 4)과
맞먹음

• 실용적으로 우수한 성능

• bioinformatics, text, image recognition 등을 포함한 많은 성공 사례

• 강력하고 다재 다능한 머신 러닝 모델

• 선형/비선형 분류 뿐 아니라 회귀, outlier detection 도 수행

• 복잡한 소규모/중규모 데이터셋의 분류에 특히 잘 맞음

• 머신 러닝에서 중요한 기법 중 하나인 Kernel 방법을 사용하는 대표적

알고리즘

• 머신 러닝에서 가장 널리 쓰이는 모델이며 머신 러닝을 하며 반드시 알아야

할 기법 중 하나

• Liblinear libsvm: Scikit-Learn 에서 liblinear 및 libsvm 을 사용하여 구현 45/71



Convex Optimization and Duality



Optimization problem in standard form

minimize f0(x) (32)
subject to fi(x) ≤ 0, i = 1, 2, ...,m (33)

hi(x) = 0, i = 1, 2, ...,p (34)

• x ∈ Rn is the optimization variable
• f0 : Rn →R is the objective or cost function
• fi : Rn →R, i = 1, 2, ...,m are the inequality constraint functions
• hi : Rn →R are the equality constraint functions
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Convex optimization problem

Standard form convex optimization problem

minimize f0(x) (35)
subject to fi(x) ≤ 0, i = 1, 2, ...,m (36)

aTi x = bi, i = 1, 2, ...,p (37)

• f0, f1, ..., fm are convex
• equality constraints are affine

O ten written as

minimize f0(x) (38)
subject to fi(x) ≤ 0, i = 1, 2, ...,m (39)

Ax = b (40)

Important property: feasible set of a convex optimization problem is
convex
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Optimality criterion for differentiable f0

x is optimal if and only if it is feasible and

∇f0(x)T(y− x) ≥ 0 for all feasible y (41)

Optimality criterion for differentiable f0

x is optimal if and only if it is feasible and

∇f0(x)
T (y − x) ≥ 0 for all feasible y

−∇f0(x)

X
x

if nonzero, ∇f0(x) defines a supporting hyperplane to feasible set X at x

Convex optimization problems 4–9

if nonzero, ∇f0(x) defines a supporting hyperplane to feasible set X
at x
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Lagrangian

standard form problem

minimize f0(x) (42)
subject to fi(x) ≤ 0, i = 1, 2, ...,m (43)

hi(x) = 0, i = 1, 2, ...,p (44)

variable x ∈ Rn, domain D, optimal value p∗

Lagrangian: L : Rn ×Rm ×Rp →R with dom L = D ×Rm ×Rp

L(x, λ, ν) = f0(x) +
m∑
i=1

λifi(x) +
p∑
i=1

νihi(x) (45)

• weighted sum of objective and constraint functions
• λi is Lagrange multiplier associated with fi(x) ≤ 0

• νi is Lagrange multiplier associated with hi(x) = 0
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Lagrange dual function

Lagrange dual function: g : Rm ×Rp →R

g(λ, ν) = inf
x∈D

L(x, λ, ν) (46)

= inf
x∈D

(
f0(x) +

m∑
i=1

λifi(x) +
p∑
i=1

νihi(x)
)

(47)

g is concave, can be −∞ for some λ, ν

lower bound property: if λ ≥ 0, then g(λ, ν) ≤ p∗

proof: if x̃ is feasible and λ ≥ 0, then

f0(x̃) ≥ L(x̃, λ, ν) ≥ inf
x∈D

L(x, λ, ν) = g(λ, ν) (48)

minimizing over all feasible x̃ gives p∗ ≥ g(λ, ν)
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The dual problem

Lagrange dual problem

maximize g(λ, ν) (49)
subject to λ ≥ 0 (50)

• finds best lower bound on p∗, obtained from Lagrange dual
function

• a convex optimization problem; optimal value denoted d∗

• λ, ν are dual feasible if λ ≥ 0, (λ, ν) ∈ domg
• o ten simplified by making implicit constraint (λ, ν) ∈ domg
explicit
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Weak and strong duality

weak duality: d∗ ≤ p∗

• always holds (for convex and nonconvex problems)
• can be used to find nontrivial lower bounds for difficult
problems

strong duality: d∗ = p∗

• does not hold in general
• holds for convex problems
• conditions that guarantee strong duality in convex problems are
called constraint qualifications
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Karush-Kuhn-Tucker (KKT) conditions

the following four conditions are called KKT conditions (for a
problem with differentiable fi,hi)

1. primal constraints: fi(x) ≤ 0 i = 1, ..., m, hi(x) = 0, i = 1, ..., p
2. dual constraints: λ ≥ 0

3. complementary slackness: λifi(x) = 0, i = 1, ...,m
4. gradient of Lagrangian with respect to x vanishes:

∇f0(x) +
m∑
i=1

λi∇fi(x) +
p∑
i=1

νi∇hi(x) = 0 (52)

if strong duality holds and x, λ, ν are optimal, then they must satisfy
the KKT conditions
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Support Vector Machine (SVM):
Theory



Maximum margin classifier

We begin our discussion of support vector machines to the two-class
classification problem using linear models of the form

y(x) = wTϕ(x) + b (53)

where ϕ(x) denotes a fixed feature-space transformation, and we
have made the bias parameter b explicit.

The training data set comprises N input vectors x1,x2, ...,xN, with
corresponding target values t1, t2, ..., tN where tn ∈ {−1, 1}, and new
data points x are classified according to the sign of y(x)
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Maximum margin classifier

We shall assume that the training data set is linearly separable in
feature space, so that by definition there exists at least one choice of
the parameters w and b such that a function satisfies y(xn) > 0 for
points having tn = +1 and y(xn) < 0 for points having tn = −1, so
that tny(xn) > 0 for all training data points.
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Maximum margin classifier: optimality criterion

Thus the distance of a point xn to the decision surface is given by

tny(xn)
∥w∥ =

tn(wTϕ(xn) + b)
∥w∥ . (54)

The margin is given by the perpendicular distance to the closest
point xn from the data set, and we wish to optimize the parameters
w and b in order to maximize this distance. Thus the maximum
margin solution is found by solving

arg max
w,b

{
1

∥w∥ min[tn(wTϕ(xn) + b)]
}

(55)

where we have taken the factor 1/∥w∥ outside the optimization over
n because w does not depend on n.
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Dual problem for convex optimiztion

Direct solution of this optimization problem would be very complex,
so we shall convert it into an equivalent problem that is much easier
to solve.

64/71



Lagrangian function with constraint

In order to solve this constrained optimization problem, we
introduce Lagrange multipliers an ≥ 0, with one multiplier an for
each of the constraints, giving the Lagrangian function

L(w,b,a) = 1

2
∥w∥2 −

N∑
n=1

an{tn(wTϕ(xn) + b)− 1} (56)

where a = (a1, ...,aN)T. Note the minus sign in front of the Lagrange
multiplier term, because we are minimizing with respect to w and b,
and maximizing with respect to a.

Setting the derivatives of L(w,b,a) with respect to w and b equal to
zero, we obtain the following two conditions

w =

N∑
n=1

antnϕ(xn) (57)

0 =

N∑
n=1

antn (58)
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Lagrangian function with constraint

Eliminating w and b from L(w,b,a) using these conditions then gives
the dual representation of the maximum margin problem in which
we maximize

L̃(a) =
N∑

n=1

an −
1

2

N∑
n=1

N∑
m=1

anamtntmk(xn,xm) (59)

with respect to a subject to the constraints

an ≥ 0, n = 1, ...,N (60)
N∑

n=1

antn = 0. (61)

Here the kernel function is defined by k(x,x′) = ϕ(x)Tϕ(x′).
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Prediction for a new sample: support vector machine

In order to classify new data points using the trained model, we
evaluate the sign of y(x). This can be expressed in terms of the
parameter {an} and the kernel function by substituting for w to give

y(x) =
N∑

n=1

antnk(x,xn) + b (62)
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KKT condition: complementary slackness

We show that a constrained optimization of this form satisfies the
Karush-Kuhn-Tucker (KKT) conditions, which in this case require that
the following three properties hold

an ≥ 0 (63)
tn(xn)− 1 ≥ 0 (64)

an{tny(xn)− 1} = 0 (65)

Thus for every data point, either an = 0 or tny(xn) = 1. Any data
point for which an = 0 will not appear in the sum and hence plays no
role in making predictions for new data points. The remaining data
points are called support vectors, and because they satisfy
tny(xn) = 1, they correspond to points that lie on the maximum
margin hyperplanes in feature space.
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KKT condition: complementary slackness
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y = 1
y = 0

y = −1

margin

y = 1

y = 0

y = −1

Figure 7.1 The margin is defined as the perpendicular distance between the decision boundary and the closest
of the data points, as shown on the left figure. Maximizing the margin leads to a particular choice of decision
boundary, as shown on the right. The location of this boundary is determined by a subset of the data points,
known as support vectors, which are indicated by the circles.

having a common parameter σ2. Together with the class priors, this defines an opti-
mal misclassification-rate decision boundary. However, instead of using this optimal
boundary, they determine the best hyperplane by minimizing the probability of error
relative to the learned density model. In the limit σ2 → 0, the optimal hyperplane
is shown to be the one having maximum margin. The intuition behind this result is
that as σ2 is reduced, the hyperplane is increasingly dominated by nearby data points
relative to more distant ones. In the limit, the hyperplane becomes independent of
data points that are not support vectors.

We shall see in Figure 10.13 that marginalization with respect to the prior distri-
bution of the parameters in a Bayesian approach for a simple linearly separable data
set leads to a decision boundary that lies in the middle of the region separating the
data points. The large margin solution has similar behaviour.

Recall from Figure 4.1 that the perpendicular distance of a point x from a hyper-
plane defined by y(x) = 0 where y(x) takes the form (7.1) is given by |y(x)|/‖w‖.
Furthermore, we are only interested in solutions for which all data points are cor-
rectly classified, so that tny(xn) > 0 for all n. Thus the distance of a point xn to the
decision surface is given by

tny(xn)
‖w‖ =

tn(wTφ(xn) + b)
‖w‖ . (7.2)

The margin is given by the perpendicular distance to the closest point xn from the
data set, and we wish to optimize the parameters w and b in order to maximize this
distance. Thus the maximum margin solution is found by solving

arg max
w,b

{
1

‖w‖ min
n

[
tn
(
wTφ(xn) + b

)]}
(7.3)

where we have taken the factor 1/‖w‖ outside the optimization over n because w
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KKT condition: complementary slackness
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Figure 7.2 Example of synthetic data from
two classes in two dimensions
showing contours of constant
y(x) obtained from a support
vector machine having a Gaus-
sian kernel function. Also shown
are the decision boundary, the
margin boundaries, and the sup-
port vectors.

form (6.23). Although the data set is not linearly separable in the two-dimensional
data space x, it is linearly separable in the nonlinear feature space defined implicitly
by the nonlinear kernel function. Thus the training data points are perfectly separated
in the original data space.

This example also provides a geometrical insight into the origin of sparsity in
the SVM. The maximum margin hyperplane is defined by the location of the support
vectors. Other data points can be moved around freely (so long as they remain out-
side the margin region) without changing the decision boundary, and so the solution
will be independent of such data points.

7.1.1 Overlapping class distributions
So far, we have assumed that the training data points are linearly separable in the

feature space φ(x). The resulting support vector machine will give exact separation
of the training data in the original input space x, although the corresponding decision
boundary will be nonlinear. In practice, however, the class-conditional distributions
may overlap, in which case exact separation of the training data can lead to poor
generalization.

We therefore need a way to modify the support vector machine so as to allow
some of the training points to be misclassified. From (7.19) we see that in the case
of separable classes, we implicitly used an error function that gave infinite error
if a data point was misclassified and zero error if it was classified correctly, and
then optimized the model parameters to maximize the margin. We now modify this
approach so that data points are allowed to be on the ‘wrong side’ of the margin
boundary, but with a penalty that increases with the distance from that boundary. For
the subsequent optimization problem, it is convenient to make this penalty a linear
function of this distance. To do this, we introduce slack variables, ξn � 0 where
n = 1, . . . , N , with one slack variable for each training data point (Bennett, 1992;
Cortes and Vapnik, 1995). These are defined by ξn = 0 for data points that are on or
inside the correct margin boundary and ξn = |tn − y(xn)| for other points. Thus a
data point that is on the decision boundary y(xn) = 0 will have ξn = 1, and points
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Appendix



Reference and further reading

• “Chap 14 | Recognition” of R. Szeliski, Computer Vision: Algorithms and
Applications

• “Chap 15 | Learning to Classify”, “Chap 16 | Classifying Images” and “Chap 17 |
Detecting Objects in Images” of Forsyth and Ponce, Computer Vision: A Modern
Approach

• “Lecture18 | Object Recognition I” and “Lecture19 | Object Recognition II” of
Bohyung Han, CSED441: Introduction to Computer Vision, POSTECH (2011)

• “Chap 7 | Sparse Kernel Machines” of C. Bishop, Pattern Recognition and Machine
Learning

• “Chap 5 | Support Vector Machines”, “Chap 10 | Introduction to Artificial Neural
Network with Keras” and “Chap 14 | Deep Computer Vision Using Convolutional
Neural Network” of A. Geron, Hands-On Machine Learning with Scikit-Learn,
Keras & TensorFlow

• “Chap 4 | Convex Optimization Problems” and “Chap 5 | Duality” of S. Boyd,
Convex Optimization

• “Lecture 6 | Support Vector Machines” and “Lecture 10 | Convolutional Neural
Networks” of Kwang Il Kim, Machine Learning (2019)
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